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1. Introduction

Normally, the signals or spectra are corrupted by noise
and the shape is not precise defined. In some signal
processing tasks the shape of the curve contains im-
portant information. The interest here is to find parts
of curves, where the accordance with parts of another
curve, measured or synthesised, is maximal. The in-
terest is not to describe or to approximate a curve by
functions as in [1]. The retrieval of profiles from mo-
lecular spectra, based on the collision broadening, is
an example where the shape analysis successfully
solves the inverse problem. The estimation of the
boundary of clouds by estimation of parts of fuzzy
contours with the highest similarity is an example of
shape analysis for stereo image processing. The shape
analysis can also be used to find parts of similarity
between related curves in time series problems and the
detection of hidden signals. In all this tasks exists the
problem that the information about  the  spectra  or the

signals is not complete. Normally, as for the probabil-
ity theory, such knowledge of all existing parts is a
condition for the application of estimation methods.
Because all kinds of possible parts of the shape are not
known, the normalisation is not possible and different
properties have different importance. The estimation
of the shape f  of an observable value η observed by
the value ξ in the form
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is often not optimal if the importance of the properties
are not included in the calculation.  For the estimation,
methods have to be developed, which use only the
monotonicity and loos the additivity. For these esti-
mation methods, also the stochastic properties are
used.  The basis for this is an extension of the Lebes-
gue measure theory.

2. Extension of  Lebesgue measure and function

Stochastic properties with finite values can be meas-
ured by the Lebesgue measure [2], especially if they
are not steady. The properties are measured on the
open interval νabv − . This is related to the elementary
geometrical content i  of
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Here, νc  are the interval points and the Lebesgue
measure is the summation of the contents of these in-
tervals. The characteristic function of the calibration
measure )(xg describes the membership for a property
x  within i  and is 1 if i  is a member of the set and 0 if

not. The characteristic function for the set I
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This measure gives the possibility to define a function
of arbitrary parts of intervals as desired. However, the
measure is additive. This contradicts the importance
for the decision and the non-complete knowledge.
Otherwise, the intervals for the Lebesgue measure are
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all different by pairs. Therefore, the Lebesgue
measure has to be extended. A coupling between the
components represents the importance of a property.
Such a coupling by a factor λ is given by the fuzzy
elementary measure )(xh  introduced by Sugeno[3] as

  )()()()()( 212121 xhxhxhxhxxh λλλλλ λ++=∪
Here, λ is given by

        1))(1())(1( 21 −++= xhxh λλλ
Such a relationship is used for the extension of the
Lebesgue measure for combining intervals, which rep-
resent different types of properties. On the Lebesgue
point measure are defined other point measures, the
Lebesgue functions. These measures imply different
properties, which overlap in the intervals, and so in-
tervals are coupled by these properties given on these
elementary intervals. For such extended intervals )(xj
can be written
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The sub-measures σ  for the closed set MA ⊆  are
determined by )(sup)( AM
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measures, unsteady functions are measured. The un-
steadiness of the functions is generated by superposi-
tion of process with different values within closed in-
tervals, e.g. the changing of grey values in images by
superposition of points of surfaces of different heights.
The functions are defined on the parts of intervals of
large but limited values on the intervals. This values
can be stochastic if they are finite, what is fulfilled for
usual physical values. The Lebesgue functions can
also extended. Such functions are coupled together by
their importance. For a compact definition, the sto-
chastic functions are normalised and mapped on the
closed interval [0,1]. By such a function, defined on
the extended measure, properties of different kinds are
represented in the same manner. So, non-additive
properties are described where also stochastic proper-
ties are included. For each a priori expected stochastic
property the martingale method for estimation is used.
The stochastic properties are coupled together. This is
described by a coupled system of stochastic differen-
tial equations for the stochastic components including
the observation equation. The equations are described
by spatial relationships between parts of curves and
neighbouring parts of the curve and also for a selected
region of different curves. With the help of different
martingales, the estimation values of assumed com-
ponents within different regions are calculated. The
subtraction of so estimated values from the original
values of the curve give the stochastic contribution.
The stochastic properties are coupled with the large-

scale (non-stochastic) properties and then fused for a
separation of a curve in their elementary parts. This is
the fundament for a fusion of measures and related
functions for a generation of composed generalised
properties.

3. Fusion of stochastic properties by an extended
Lebesgue integral

The fusion of properties described by Lebesgue meas-
ures and Lebesgue functions e  is possible with the

Lebesgue integral. The set U
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functions defined on the Lebesgue measure i  and the
characteristic function for Ax ⊆  is obtained as
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the functions over the Lebesgue measures are decom-
posed by intervals of variations, so the unsteadiness
and jumping functions are well described. The Lebes-
gue functions are also defined in [0,1]. The combina-
tion of selected measures, i.e. infimum with all possi-
ble functions, i. e. supremum, gives the combination
supremum infimum for the combination. This is based
on the Lebesgue measures, but behind the monotonic-
ity the additivity for the components have to be ful-
filled. This contradicts the importance of the proper-
ties and is solved by an extension.
The extension of the Lebesgue integral has a cut, lim-
iting the influence of properties. If the importance of a
property is less than an assumed level α, then the in-
fluence of this property is neglected. For the extended
Lebesgue integral over the Borel set B is obtained
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The importance is included by the condition for the
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If the Lebesgue measure and the related Lebesgue
function in the Lebesgue integral is replaced by a
combination of the fuzzy measure and the fuzzy func-
tion then the fuzzy integral [3] with the notation fuzf
is obtained:
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The simpler combination by extension of the Lebes-
gue integral is more understandable for the description
of parts of curves than the fuzzy integral. Because



Lebesgue functions are also measured by a measure,
the result of the integral is again a Lebesgue function.
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Roughly spoken, the fusion of properties describes the
maximal grade of agreement between the objective
evidence and the expectation.  Based on this, complex
composed stochastic properties can be constructed.

4. Representation of properties of curves by
extended Lebesgue measures and functions

The description of stochastic and large-scale proper-
ties in form of a function on a Lebesgue measure is
important for a successful separation of properties
from measurements. The aim is to decompose all su-
perposed functions within the measured curve. For
this, the stochastic properties in the curves are ex-
tracted by non-linear filtering, rank algorithm, wavelet
analysis, or analysis of the stochastic moments. The
decomposition is done hierarchically in every step by
subtraction of the detected component from the before
subtracted measured curve. The algorithm is finished
until the curve is flat enough. For the Lebesgue meas-
ure are used properties such as: variance is within a
boundary, number of ranks related to different dis-
tances, gradient of neighbouring values is within a
selected boundary, differences of the neighbouring
pixel-values are within a selected boundary. For the
Lebesgue function properties are used such as: differ-
ences of values in different distances, wavelet trans-
formation function with a selected parameter, weak
changes of the values in related areas. The large-scale
properties such as local extrema, gradients, turning
points, jumps, higher moments, skewness, kurtosis,
mean absolute deviation are also included.
For the investigation of the curves, the Lebesgue func-
tions are defined on selected generalised parts of the
curve, described by measures. This means that the
parts of the curve are not only built by geometrical
parts of the curve, but also by complex measures.
With such a composed description, hidden stochastic
and large-scale properties are detected and decom-
posed in different components. For the description of
complex interactions, mixed properties defined on
complex measures are composed. This cannot be ob-
tained by usual methods.
The algorithm for the decomposition works iterative.
If a component is detected, then this contribution is
subtracted from the curve. The obtained curve is ana-
lysed for this property once more or for another prop-
erty. The effect of such subtraction for stochastic
properties is shown in Fig. 1-3.

Fig. 1 Curve with short interaction in the stochastic

Fig. 2 Curve above very short interaction subtracted

Fig. 3 Curve above medium interaction subtracted

For the fusion exist rules such as for the constant c
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which are not fulfilled for normal Lebesgue integrals.

5. Decomposition of composed molecular spectra in
    elementary spectra by best fitting of properties

The retrieval of height profiles from molecular spectra
of minor constituents corrupted by noise and other
disturbing effects is a typical example for analysing
the shape. The pressure broadening of the spectra is
the physical fundament to retrieve profiles and this is
based on the shape of the spectra. The BrO spectrum,
measured near 624 .7 GHz, has 15 lines in a small
range. The superposition of these coupled lines with
different shapes of contributions in different heights



gives enough information for retrieval, but distur-
bances and neighbouring strong lines superpose this
information. The spectrum is decomposed by subtrac-
tion of a forward-calculated spectrum with selected
parameters as the number of molecules, and the alti-
tude where the molecules are. These parameters are
hidden in the shape. The kind of broadening from the
maximum over the middle to the wings of the line
contains the information of the superposition of con-
tributions of different heights.

Fig. 4 Adaptation of a forward spectrum on a real one

Based on such an iterative algorithm the forward-cal-
culated spectra with the best coincidence, related to
Lebesgue measures, are subtracted form the measured
spectra. These coincidences are searched for selected
parts of the shape; for small curves only the top part,
for broad spectra the width wings. The shape is
adapted by different parts of it and by a combination
of different properties. All are calculated and the
maximal value of the Lebesgue integral gives the de-
cision for the best adaptation. This is more precise
than a fitting related to mean distances over the entire
shape of the curve. The interaction of diverse proper-
ties and the different importance of selected properties
substantiate this. So is retrieved the BrO profile, done
in EU project HIMSPEC for understanding the proc-
esses for depletion of ozone in the arctic area [4].

5. Isolation of information within clouds based on
       contour analysis

For the comparison of clouds the characteristic infor-
mation of the clouds have to be collected in points of
clouds. Because the contours of the clouds are diffuse
and edges do not exist, the clouds are difficult to de-
scribe. For multi-spectral images the properties be-
tween the different images are combined together. The
simple combination of properties obtained by single
images describe not precise the interaction between

different wavelength channels. Such interconnecting
combinations are the basis for the Lebesgue measures
and functions. The Lebesgue integrals compose mixed
contributions of two or more images. For example are
combined different stochastic effects in images of dif-
ferent wavelength channels for the characterisation of
the texture of the clouds combined with temperature
influences. The Lebesgue integral is so built by a
function on a region, which is defined by a measure
for the selected region in another image. By such it-
erative procedure the information is more and more
extracted from the images. The stepwise separated
information is then represented by bitmap images. By
algebraic and logic combinations of these bitmaps
together with thresholds, the clouds are defined by
texture measures [5].
For the detection of the heights of clouds, the original
diffuse (stochastic) boundary is reduced to a well-de-
fined contour. By comparison of contours in images of
different spectral channels information about the
height are obtained. The basis for this is the tempera-
ture sensitivity related to images on different wave-
length. If stereo images exist, the contours between
both images are compared by curve analysis on basis
of the Lebesgue integral. Lebesgue measures and
functions represent the properties of the shape of the
curves.  The minimum of the integral value between
both contour parts of the stereo image is used for
matching. Because a cloud is connected and of same
height (tropical cloud towers may neglect), the cloud
heights can be estimated by some corresponding
points within the clouds. Such points can be found on
the synthetic contour by a procedure similar as for the
shape of spectra. These investigations are sponsored
by the EU project CLOUDMAP (ENV4 CT97-0399)
for detection of cirrus clouds and contrails.
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